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de Groot dual topology
Saturated set
Poset
We prove that there is a topology τ that does not arise as a de Groot dual topology
such that τ d = τ ddd = τ dd  τ (i.e. the answer for Question 3.9 [M.M. Kovár, At most 4
topologies can arise from iterating the de Groot dual, Topology Appl. 130 (2003) 175–182]
is negative).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and notation
Kovár showed in [1] and [2] that τ dddd = τ dd and τ d = (τ ∨ τ dd)d for any topology τ , where τ d is the de Groot dual
topology of τ . In this paper, we study the relationship between iterated de Groot dual topologies and construct examples
which are counterexamples for the question related to above equalities.
Now, let us recall some notations. Let (X, τ ) be a topological space. Deﬁne the specialization preorder τ for τ by
xτ y ∈ X if and only if x ∈ clτ (y), where clτ (y) is the closure of y with respect to τ . It is easy to see that τ is a partial
order if and only if τ is T0 (i.e. for any x = y, there is a subset U ∈ τ such that |U ∩ {x, y}| = 1). A subset A ⊆ X is said to
be τ -saturated if A is an intersection of τ -open subsets. For an element x of a poset (P ,), we denote ↑ x := {y ∈ P | x y}
and ↓ x := {y ∈ P | x  y}. For a subset A ⊆ P , we denote ↑ A := ⋃x∈A ↑ x and ↓ A :=
⋃
x∈A ↓ x. A subset A ⊆ P is called
upper (resp. lower) if ↑ A = A (resp. ↓ A = A). One can easily check that a subset A in a topological space is saturated if
and only if it is upper with respect to the specialization preorder. One can see that the set of all compact saturated subsets
in τ is a closed base of a topology, denoted by τ d and called the de Groot dual topology of τ . Deﬁne the following classes































∣ τ dddd = τ dd}.
Note that G4 is the set of all topologies. In [3], the following relations are shown:
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G1 ⊂ G2a,G2b, G2a,G2b ⊂ G3b ⊂ G4.
Also it is showed that each topology in G2a arises as a de Groot dual topology. In the same paper, he asked whether the
following analogical statement is true [3, Question 3.9]: each topology in G3 − (G2b −G1) arises as a de Groot dual topology.
In this paper, we will construct the counterexample for this question.
Now we recall some notations related to posets. A topology τ on a poset (P ,) is called compatible with the order 
if τ equals to . A subset A of a poset P is called ﬁnitely generated upper (resp. lower) if there is a ﬁnite subset F ⊆ P
such that ↑ F = A (resp. ↓ F = A). A ⊆ P is called coﬁnitely generated upper (resp. lower) if the complement P − A is
ﬁnitely generated lower (resp. upper). The topology on a poset P which is deﬁned by the set of all ﬁnitely generated lower
(resp. upper) subsets as a closed base, is called the upper (resp. lower) topology on P and denoted by ν(P ) (resp. ω(P )). The
topology on a poset (P ,) which consists of all upper subsets is called the Alexandorff topology of P and denoted by A().
For a poset (P ,), denote by Pop the underlying set P with the reversed order of  (i.e. Pop = (P ,)). In particular, A() is
the Alexandorff topology on Pop .
2. Main result
M.M. Kovár proved in [3, Theorem 2.4] that for any topology τ , it holds τ d ⊆ τ ddd . The following lemma is a special case
of this result.
Lemma 1. Each topology τ which arises as a de Groot dual topology satisﬁes the relation τ ⊆ τ dd.
Using this lemma, we show the following lemma.
Lemma 2. Let (P ,) be a poset with a compatible topology τ = ν(P ). If ν(P )d = A(), then τ does not arise as a de Groot dual
topology.
Proof. Since the set of all A()-compact saturated subsets is the set of all ﬁnitely generated lower subsets, the hypothesis
τ d = A() implies that τ dd = A()d = ν(P ). Thus τ dd = ν(P )  τ because τ is compatible with the order  and ν(P ) is
the smallest topology compatible with . By Lemma 1, τ does not arise as a de Groot dual topology. 
Now we construct the counterexample. Let X0 := {a,b} be a two point set and X1 := {ai,bi | i ∈ Z>0} unionsq {∞} a disjoint
union of a countable set and a one point set. Deﬁne a poset X := X0 unionsq X1 with the order  by a < ai,∞ and b < bi,∞.
Here a1,b1,a2,b2, . . . ,∞ are pairwise distinct elements. Let A = {ai | i ∈ Z>0} and B = {bi | i ∈ Z>0} unionsq {∞} = X − A. Equip
X with a topology τ := ν(X) unionsq {B ∩ U | U is coﬁnite upper}.
Proposition 3. The topology τ belongs to G3 − G2 but does not arise as a de Groot dual topology.
Proof. Let cd be the set of all τ -compact saturated subsets.
Claim 4. cd is the set of all upper subsets.
Indeed, obviously cd is contained in the set of all upper subsets. Conversely, for an upper subset U , if U intersects A, then
there is an element x ∈ U ∩ A. Since any τ -neighborhood of x is coﬁnite, U is τ -compact and so belongs to cd . Otherwise
U ⊆ B . Since any restriction of τ -open subset to B is coﬁnite in B , U is τ -compact and so belongs to cd .
Thus τ d = ν(X)d = A(). Hence τ dd = A()d = ν(X). Therefore τ ddd = ν(X)d . Summarize that τ d = τ ddd = τ dd  τ . Thus
τ ∈ G3 − G2. By Lemma 2, τ does not arise as a de Groot dual topology. 
Similarly we can show that the following topology τY ∈ G3 − (G2b − G1) on an antichain Y = {ai,bi | i ∈ Z>0} (i.e. any
two different elements of Y are incomparable) does not arise as a de Groot dual topology: deﬁne the topology τY :=
{U : coﬁnite} unionsq {B ′ ∩ U | U is coﬁnite}, where B ′ := {bi | i ∈ Z>0}.
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